Introduction
Hitchin in [3] introduced the notion of generalized complex structures and Gualtieri developed it into generalized Kähler structures [2] .
On the other hand, in odd dimensions, Vaisman introduced generalized almost contact structures and defined generalized Sasakian structures from the viewpoint of generalized Kähler structures [8, 11] . He also defined conformal changes of generalized complex structures and investigated invariant generalized geometry under conformal changes [9] . Poon and Wade expanded the study of these structures and investigated integrability conditions of generalized almost contact structures [6, 7] .
With the definition of generalized almost paracontact structures by Sahin and Sahin in [7] , and the definition of generalized almost para-Hermitian structures and generalized para-Kähler structures by Vaisman in [11] , these discussions entered the realm of generalized para-structures. Then it was natural that the authors introduced the odd-dimensional analogs of generalized almost para-Hermitian structures and generalized para-Kähler structures, which are called normal generalized paracontact pseudometric structures and generalized para-co-generalized parastructures under conformal changes. This paper is divided into four sections. In Section 2, we recall the needed background, including definitions and theorems about generalized structures. In Section 3 , we characterize generalized almost paracontact pseudometric structures after a conformal change and investigate invariant components of these structures under conformal changes. In Section 4 , we characterize conformal changes of normal generalized paracontact pseudometric structures, generalized almost para-co-Kähler structures, and generalized para-co-Kähler structures, respectively. Also, we give examples of a generalized almost para-co-Kähler structure and a normal generalized paracontact pseudometric structure that remains invariant under a nonhomothety conformal change.
Preliminaries
To study the big tangent bundle TM = T M ⊕ T M * on a smooth manifold M , a natural inner product needs to be taken on TM = T M ⊕ T M * , defined by
and the Courant bracket by
where X, Y ∈ T M and α, β ∈ T M * . The analog of the generalized almost complex structures of odd-dimensional spaces is generalized almost contact structures. For defining almost contact metric normal structures in generalized cases, we need to recall some important formal definitions.
A generalized almost complex structure on M is defined by an endomorphism J of T M ⊕ T M
A smooth manifold M 2n+1 has an almost contact metric structure (φ, ξ, η, g) if it admits a tensor field φ of type (1, 1), a vector field ξ , and a 1-form η and a Riemannian metric g , satisfying the following conditions:
for vector fields X and Y on M . The associated fundamental 2-form is defined by Θ(X, Y ) = g(X, φY ). One can now define a contact metric manifold as an almost contact metric structure (φ, ξ, η, g) such that Θ = dη .
Furthermore, an almost contact metric structure on M is called normal if the Nijenhuis tensor of φ , given by
We can now give the definition of generalized structures on odd-dimensional spaces.
As in [6] , a pair (Φ, Z + η) defines a generalized almost contact structure if it consists of a bundle
and
Since Φ satisfies Φ 3 + Φ = 0 and is linearly extended to the complexities bundle TM ⊗ C , one can see that Φ has 0 as well as +i as eigenvalues. For identifying the corresponding eigenbundles of Φ , consider E (1, 0) and E (0,1) as follows:
Then the corresponding eigenbundles of Φ are (1, 0) , and
respectively, where L Z and L η are the complex vector bundles of rank 1 generated by Z and η . From (6), we
The generalized almost contact pair (Φ, Z + η) is called a generalized contact structure, or
is integrable, if L is involutive, which means that the space sections of the subbundle L are closed under the Courant bracket. Moreover, if both L and L * are involutive, the pair (Φ, Z + η) is called a strong generalized contact structure and the strong generalized contact structure (Φ, Z + η) is called a normal generalized contact
If the bundle map Φ : TM → TM is given by
then in terms of components, one sees that a generalized almost contact pair is equivalent to a quintuple
, where Z is a vector field, η a 1 -form, P a (1, 1)-tensor field, π a bivector field, and θ a 2 -form and according to (4) they satisfy the following relations:
In this classical form, the normalization conditions of (P, ϕ ♯ , θ ♭ , Z, η) are stated in the following theorem. 
where the bracket is the Schouten-Nijenhuis bracket, as explained in [8] , {α,
Now let us recall and discuss generalized almost paracontact pseudometric structures.
Definition 2.1 [7] For an odd-dimensional manifold M , a generalized almost paracontact structure is a pair
The endomorphism A has three eigenvalues, namely 0, 1 , and −1 , because of A 3 = A. Identify the corresponding eigenbundles of A by E (1, 0) and E (0,1) as follows:
, and
, where L Z and L η are vector bundles of rank 1 generated by Z and η , respectively. Define
The involutivity of L A in the generalized almost paracontact pair (A, Z + η) defines a generalized paracontact structure and the involutivity of both L A and L * A define a strong generalized paracontact structure. The strong generalized paracontact structure (A, Z + η) is called a normal generalized paracontact structure if $ Z η = 0 .
Since A has a matrix form as A =
, one can see that a generalized almost paracontact pair is equivalent to a quintuple (A, π ♯ , σ ♭ , Z, η) , where Z is a vector field, η a 1 -form, A a (1, 1)-tensor field, π a bivector field, and σ a 2-form and, according to (11) , they satisfy the following relations:
By using tensors A, π ♯ , and σ ♭ instead of tensors P, ϕ ♯ , and θ ♭ , the normalization conditions of the generalized almost paracontact structure (A, π ♯ , σ ♭ , ξ, η) are stated similarly to Theorem 2.1 in [7] .
Generalized almost paracontact pseudometric structures
A generalized almost paracontact pseudometric structure is a quadruple (Φ, H, A, ξ + η), where (Φ, ξ + η) is a generalized almost contact structure, H is a g -symmetric matrix with
and (A, ξ + η) is a generalized almost paracontact structure, and
The matrix representations of Φ, H, A are
where ϕ, θ, π, σ are skew-symmetric, and γ ∈ End(T M ) and ν ∈ End(T * M ) are the symmetric 2 -vector field and symmetric 2 -covector field, respectively. Thus, according to the conditions of the above definition, we get
By defining τ :
one can imply
, and thus τ : T c M → H is an isomorphism [4] , where
is the i -eigenspace of H . We define the 2 -form ψ as ψ ♭ := −γ ♭ • Q, and then from (14) we get
The following property is a consequence of formula (15):
where X, Y ∈ T c M (we should have written γ −1 , but we follow the custom of Riemannian geometry).
Similarly, if we defineτ :
From what has already been given in the above relations, we have the following theorem.
Theorem 2.2 [4] The generalized almost paracontact pseudometric structures (Φ, H, A, ξ + η) , introduced by the matrices in (12), are in a one-to-one correspondence with the quintuple
an almost contact metric structure on M , γ is a pseudo-Riemannian metric of M , and ψ is a 2 -form such
Using the quintuple associated to the generalized almost paracontact pseudometric structure, the authors gave a necessary and sufficient condition for H andH to be closed under the Courant bracket in the following theorem.
Theorem 2.3 [4] If a generalized almost paracontact pseudometric structure (Φ, H, A, ξ + η) is associated to a quintuple (φ, ξ, η, γ, ψ) , then H andH are closed under the Courant bracket if and only if
where ∇ γ is the Levi-Civita connection of the metric γ and X, Y, Z ∈ Γ(M ) .
Conformal changes of generalized almost paracontact pseudometric structures
The automorphism
change of TM because it produces a conformal change of the natural inner product ⟨, ⟩ such that
Moreover, if ϵ is locally constant, the change is called a homothety [9] .
Let (Φ, H, A, ξ + η) be a generalized almost paracontact pseudometric structure. Applying the conformal change C ϵ results in
With matrix representation as in (12), this clearly forces
To communicate between the conformal change of the generalized almost paracontact pseudometric structure (Φ,H,Ã,ξ +η) and conformal change of the almost contact metric structure (φ,ξ,η,γ,ψ) in the next theorem, we define τ ϵ :
Also, we defineτ ϵ :
Similarly, one can see imτ ϵ ⊂H ϵ , in whichH ϵ = im(Id + iH) is the (−i) -eigenspace ofH . We use (16) and
give an interesting utilizable consequence of formulas (18) and (19) as follows:
where X, Y ∈ T c M .
Proposition 3.1 If the generalized almost paracontact pseudometric structure (Φ, H, A, ξ + η) is related to
Proof We consider the conformal change (Φ,H,Ã,ξ +η) of the generalized almost paracontact pseudometric structure (Φ, H, A, ξ + η) . An easy consequence of definitions together with (13) show that (Φ,H,Ã,ξ +η) is again a generalized almost paracontact pseudometric structure. Now we show that its related quintuple (φ,ξ,η,ψ,γ) satisfies the desired conditions. FromH(η) =ξ , we haveγ
Since τ (15) and (18), we get
2 Now we consider properties of generalized almost paracontact pseudometric structures under conformal changes.
Let us use the Weyl connection,∇ γ , defined by a pseudo-Riemannian metric γ and a 1 -form ϖ [5] as
where ∇ γ is the Levi-Civita connection of γ . The Weyl connection is the Levi-Civita connection of e −ϵ γ for the smooth function ϵ that satisfies dϵ = ϖ , and it is the unique torsionless connection such that∇ γ X γ = ϖ(X)γ . Now we investigate a necessary and sufficient condition with which H ϵ andH ϵ are closed under the Courant bracket for conformal change (Φ,H,Ã,ξ +η). First we have the following proposition. 
Proof Using Proposition 3.1, the conformal change (Φ,H,Ã,ξ +η) is related to the quintuple (φ,ξ,η,ψ,γ) , and thus by consideringφ| Hϵ = φ| H ,φ|H ϵ = φ|H , and (17), we get
By removing e −ϵ from both sides of the above relation, we get (23). Proof With the notations of Theorem 2.3 and by using (23), it is easy to see that the following required condition holds:
Replacing X, Y by φX, φY in (24) respectively gives
By summing up the two relations (24) and (25), we get
Since ψ ♭ (ξ) = 0 , we get ϖ(ξ)ψ(φX, Z) = 0 , for X, Z ∈ Γ(M ) . Thus,
From ϖ = αη and (27), we get α = 0 . Therefore, we conclude the proof. 
Conformal changes of generalized para-coKähler structures
In this section we consider the conditions with which the conformal change of generalized structures are normal. It is interesting to emphasize that there may be a generalized almost paracontact pseudometric structure 
Thus, we have
and µ 5 is closed. To construct a normal generalized contact structure, one takes generalized almost contact structure components with
, ξ = X 5 , and η = µ 5 , where (P * α)X = α(P X) and X + α ∈ TM . One computes easily that
For L, the relevant Courant brackets give and
Now we define a g -symmetric matrix H on T M ⊕ T M
* by H = ( 0 γ ♯ −γ ♭ 0 ) in which γ(X i , X j ) = δ ij for i = 1, · · · , 5. Then we have H(X i ) = −µ i and H(µ i ) = X i , for i = 1, · · · , 5 ,
and so (Φ • H = A, ξ + η) defines a generalized almost paracontact structure. Now it is evident that
) . 
To form a tensor A = Φ • H , we define a matrix H
= ( 0 γ ♯ −γ ♭ 0 ) that gives H(X i ) = −µ i and H(µ i ) = X i . Thus, (Φ • H = A, ξ + η) defines a generalized almost paracontact structure. Now we have L A = span{X 1 , X 2 + X 3 } and L * A = span{µ 1 , X 2 − X 3 },
such that their relevant Courant brackets give
, and dµ 1 = 0 . One can simply construct a generalized contact structure associated to an almost contact structure (φ, ξ, η = µ 1 )
given by
and then we have
Applying the Courant brackets for subbundles L and L * , we find that
and $ ξ η = 0 . Therefore, we obtain a normal generalized contact structure (Φ, ξ + η).
) defines a generalized almost paracontact structure. Now it is evident that
For L A , we compute the Courant brackets, We now give a consideration for the normalization of generalized almost paracontact pseudometric structures after conformal changes. (12), is conformal Φ -normal by C ϵ if ϖ = dϵ satisfies the following conditions:
Definition 4.3 Let (Φ, H, A, ξ+η) be a generalized almost paracontact pseudometric structure and (Φ,H,Ã,ξ+ η) be its conformal change by C
Here, the bracket is the Schouten-Nijenhuis bracket as explained in [8] , {α,
Proof Let (Φ, H, A, ξ + η) be a generalized almost paracontact pseudometric structure and its conformal change by C ϵ , (Φ,H,Ã,ξ +η) , is Φ-normal. Thus, the generalized almost contact structure (P, ϕ
is conformal normal. The crucial fact is that the first part of condition (A 1 ) in Theorem 2.1 is satisfied and we
On the other hand, we have
where D is the generalized divergence that generates the Schouten bracket [8] . Also, we haveξ
What is left is to compare these relations and get the first part of (C 1 ) . The second part of (C 1 ) follows by the same method. We use the second part of (A 1 ) and obtain
, and then a direct computation gives (C 2 ) . Our next step is to evaluate (C 3 ) , use (A 3 ) and N P (X, Y ) = −dη(P X, P Y )ξ +φ ♯ (i X∧Y dθ), and get
where dη(P X, P Y )ξ = dη(P X, P Y )ξ , and thus (C 3 ) is proved. Replacing θ byθ in (A 4 ), a direct computation gives (C 4 ) . It follows from the first part of (A 5 ) that $ξP = 0 , and then from (10), we get
which gives the first part of (C 5 ) . Taking the second part of (A 5 ) and (10ii), we get
For the first part of (C 6 ), from $ξη = 0 , we get
Using the second part of (A 6 ) gives $φ ♯ αη = 0 . Thus, by (10ii), the second part of (C 6 ) holds as follows:
Finally, (A 7 ) gives dη(P X, Y ) − dη(P Y, X) = 0 . Then, by (10i), we get
Therefore, the proof is completed. 2
With the same procedure and the same notations as in Proposition 4.1, we can state the following proposition. 
Corollary 4.1 The generalized almost paracontact pseudometric structure
We will investigate necessary and sufficient conditions with which (Φ,H,Ã,ξ +η) , the conformal change of a generalized para-co-Kähler structure (Φ, H, A, ξ + η), is a generalized para-co-Kähler structure. is normal, and thus by Theorem 2.1, (Φ,ξ +η) is normal if and only if the right hand side of the equalities (C 1 )-(C 7 ) vanishes. Taking into account (8ii), the vanishing of the second part of (C 1 ) , and the first part of (C 5 ), the result is
Moreover, we get the condition ϕ ♯ ϖ ∧ ϕ = 0 , which is obtained from the vanishing of the first part of (C 1 ), if and only if either rank ϕ = 2 or ϕ ♯ ϖ = 0 . Then, in case (1), we must have
Thus, by (28) and (29), we get dϵ = ϖ = 0 . Now turn to case (2) and assume that d x ϵ ̸ = 0 is on a neighborhood U x . Since (C 2 ) holds for every 1-form β , its vanishing result is
for a vector field X on U x . Then, since d x ϵ ̸ = 0 , we rewrite (30) as follows:
in which f = P * ϖxX ϖxX ∈ C ∞ (TM ) . Then we replace α by the 1 -form θ ♭ (Y ) for any arbitrary vector field Y in (31). Thus, by taking into account (8) and (10), P | Ux satisfies
and thus P must have a real eigenvalue. Therefore, the hypothesis of case (2) implies dϵ = ϖ = 0 .
Proof of (b) is similar to (a). 2
In the following example, we show that if none of the conditions (1) and (2) 
, ξ = X 5 , and η = µ 5 , In the following example, we show that in Theorem 4.1, when dim M = 3 , the conformal change does not necessarily need to be a homothety. given by
and Φ = Consider a generalized almost paracontact pseudometric structure (Φ, H, A, ξ + η) , which is associated to a classical normal almost contact structure (P, ξ, η) [6] . By using the matrix
in which γ(X i , X j ) = δ ij , we get
One can see that conditions (1) and (3) 
